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1 Introduction

An acyclic coloring of a graph is a proper coloring such that any two color classes
induce a forest. A star coloring of a graph is an acyclic coloring with the further
restriction that the forest induced by any two color classes is a disjoint collection
of stars. We consider the behavior of these problems when restricted to certain
classes of graphs. In particular, we give characterizations of the classes of graphs
for which two or more of these restricted coloring problems are equivalent, in
that they share the same set of solutions. Surprisingly, our characterizations of
these classes in terms of forbidden induced subgraphs equate them with classes
that are well-studied in the literature. We extend this framework to encompass
other restricted coloring problems, both known and new, and outline a method
for obtaining results similar to those given here.

We also explore the algorithmic implications of these results in terms of
finding optimal acyclic and star colorings on certain classes of graphs. We show
that optimal acyclic colorings of certain subclasses of even-hole-free graphs can
be found in polynomial time, and that optimal acyclic and star colorings of
trivially perfect graphs can be found in linear time.

2 Main Results

We consider the interrelationship between graph coloring problems that arise
in the optimal evaluation of sparse Hessian matrices. In particular, we focus on
classes of graphs for which different restricted coloring problems share the same
set of solutions.

Finding an optimal coloring is NP-complete on general graphs for each of
these problems; see [1] for a survey of these problems as they relate to the
computation of derivative matrices.

Theorem 1 A graph G is even-hole-free if and only if every coloring of G is
also an acyclic coloring.
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Corollary 2 There is a polynomial time algorithm for finding an optimal acyclic
coloring of chordal graphs and (even-hole,diamond)-free graphs.

Theorem 3 A graph G is trivially perfect if and only if every coloring of G is
also a star coloring.

Theorem 4 A graph G is a cograph if and only if every acyclic coloring of G
is also star coloring.

Suppose C is a class of graphs with the property that the mappings that
satisfy the conditions of some coloring problem P are exactly the mappings that
satisfy the conditions of some other coloring problem Q. Then any algorithm for
solving P on class C can also be used to solve Q. For example, it was shown in
[2] that every distance-1 coloring of a chordal graph is also an acyclic coloring.
Consequently, the many well-known linear time algorithms for solving distance-1
coloring on chordal graphs can also be used to find optimal acyclic colorings.

We give characterizations for each of the following classes of graphs.

1. The graphs for which every coloring is also an acyclic coloring.
2. The graphs for which every coloring is also a star coloring.
3. The graphs for which every acyclic coloring is a star coloring.

Quasi-threshold graphs can be recognized and optimally distance-1 colored
in linear time [3]. The following result implies that an optimal star coloring of a
quasi-threshold graph can also be found in linear time.

Theorem 5 The graphs for which every valid distance-1 coloring is also a star
coloring are exactly the quasi-threshold graphs.

A graph is even-hole-free if it contains no induced cycle with an even number
of vertices.

Theorem 6 The graphs for which every valid distance-1 coloring is also a acyclic
coloring are exactly the even-hole-free graphs.

Suppose we are asked to find an optimal acyclic coloring of some graph G. We
can determine in polynomial time whether G is even-cycle-free [4] and, if so, we
can use one of the many heuristics and approximation algorithms for distance-1
coloring general graphs.

A graph is a cograph if it has no induced P4. Cographs can be recognized in
linear time [5].

Theorem 7 The graphs for which every acyclic coloring is also star coloring
are exactly the cographs.
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